In this paper, the displacement of the phase centers of multi-mode antennas is investigated. A mathematical approach is applied in order to calculate the positions of the phase center for each mode. Using electric far field samples obtained from electromagnetic field simulation data, the coordinates of the shifted positions of the phase center relative to the physical center of the antenna are determined for each mode. Numerical results show the dependency of the phase centers of an antenna prototype as a function of the considered angle of observation.
I. INTRODUCTION
Determining the phase center (PC) position in an antenna system and the effect of its displacement plays a significant role in system performance for a wide range of applications. For instance, in case of parabolic reflectors, ideally the PC of the feed antenna should coincide with the focal point of the reflector [1] . Other applications, where knowledge of the PC is crucial, are high accuracy ranging and positioning systems including radar and global navigation satellite systems. The error introduced through an uncompensated displacement of the PC leads to a significant performance degradation of ranging systems [2] . Accordingly, a precise positioning system should not neglect the impact of phase center displacements. The research conducted for locating the PC includes methods that either measure the PC location depending on experimental settings [3] or calculate the PC location based on measured or simulated field data [4] . Some of these methods are only applicable on a specific type of antennas (e.g horn antennas [5] and logarithmic-periodic dipole arrays [6] ). While others propose algorithms that are applicable universally regardless of the type of antenna in a 2-D plane [7] , or in 3-D space [8] , [9] . The latter studies not only take the antenna itself into account but the whole radiating system as a unit, i.e. including the reflecting and scattering effects resulting from objects surrounding the plain antenna body.
Multi-mode (MM) antennas are characterized by the fact that multiple modes can be excited simultaneously and independently given a single physical radiator. As opposed to classical antennas, MM antennas have M PCs, exactly one per mode. The capability of employing planar MM antennas for positioning purposes has been studied in [10] - [14] . Consequently, it is an interesting aspect to investigate the PC locations of MM antennas and inspect the displacement of each PC depending on the observation angle.
Original contributions of this paper are as follows: (i) we employ the method proposed in [9] to MM antennas, (ii) we calculate the PCs of a given MM antenna prototype, and (iii) we point out that the PCs of different modes are dislocated for a given observation angle in the 3-D space.
This paper is organized as follows: Section II introduces the definition of the PC and points out the importance of the knowledge of its location for positioning applications. Section III briefly presents MM antennas basics. Section IV brushes up on the PC determination method. The application of the PC determination method is discussed in Section V. Simulation results are shown in Section VI. Finally, conclusions are drawn in Section VII.
II. ANTENNA PHASE CENTER
The PC of an antenna is defined as the point from which electromagnetic waves seem to be originating. A simple example is the theoretical isotropic antenna. In this case the phase center coincides with the physical radiator (point source), hence the electromagnetic waves appear to be radiating spherically outwards, generating equiphase fronts with the isotropic radiator being in the center of the progressing spheres. It is clear that it is far from logical to consider practical antennas to be point sources. Therefore, for realistic antennas it is not possible to find a single unique phase center that fulfills the phase consistency of the radiation surface in all directions [1] . Consequently, for realistic antennas the PC is spatially distributed on the structure of the antenna or even around it depending on the observation angle. Furthermore, its position relies on multiple parameters such as frequency, polarization, antenna dimensions and structure. However, according to IEEE standards [15] , a radiation point qualifies also as a PC if the consistency of the phase is fulfilled only over a portion of the radiation surface, at least where the radiation is significant. Thus, it is possible to find a PC for certain angular portions of the space so that the phase of the radiated waves is roughly constant within this specific range. Fig. 1 visually explains the definition of the PC. A planar physical radiator is assumed to be placed on the xy-plane. In the case of an ideal unique PC located in the physical center of the radiator, i.e. at the origin of the Cartesian 3-D space, the phase fronts would form a spherical surface in the far field. As opposed to that, the real PC is spatially distributed and it depends on the observation angle. As a consequence, the phase front is not spherical. Please notice that the phase pattern plotted in Fig. 1 was chosen arbitrarily and serves only for illustration purposes. Among PC determination methods are a lot of practical methods and some theoretical ones. For certain applications it is important to find the phase center position in order to consider it as a reference point of the antenna rather than the common convention of considering the physical center of the antenna structure. It can therefore be seen as the reference point in an antenna system to which a distance measurement refers.
III. MULTI-MODE ANTENNA BASICS
An MM antenna physically consists of a single antenna radiator that emanates multiple modes depending on the excitation applied on it. The concept behind the capability of MM antennas is provided by the theory of characteristic modes (TCM) [16] - [18] . The principle of TCM can be described as the decomposition of the surface currents of an electric conductor into its orthogonal components. Each of these components excites a certain mode. In other words, an MM antenna is able to emit multiple orthogonal radiation patterns simultaneously [19] . A powerful feature that offers a compelling diversity gain with a suitable designed MM antenna for MIMO applications [20] . Furthermore, it has been proven that different modes exhibit less correlation compared to a linear array of the same size as a planar MM antenna [21] . The latter feature of MM antennas motivated the investigation of their capabilities when applied for positioning purposes. The work published in [10] - [14] demonstrates the suitability of MM antennas for positioning applications using different positioning methods as well as the tools necessary for applying conventional array signal processing techniques on MM antenna. Nevertheless, the position of the phase centers of an MM antenna has not yet been investigated. It has been suggested in [10] that the effective phase centers of the modes of a planar MM antenna are not spatially distributed for a given direction-ofarrival (DoA). However, the results of the following analysis presented here show that given a certain DoA, a significant displacement of the phase centers of different modes exists, and should ideally be compensated for accurate positioning applications.
IV. SIMPLEX-BASED PHASE CENTER DETERMINATION METHOD
The PC determination algorithm chosen for our analysis follows the method presented in [9] . The phase of the electric field ψ(φ, θ) of an antenna at a distance R and angle (φ, θ) in the far-field consists of three contributions:
where ψ i is the initial phase contribution and ψ R is the shift caused by the propagation of the wave at distance R. These two contributions are obviously constant. Hence, from now on they are treated as one constant phase term ψ c . The last contribution ψ s (φ, θ) is the phase shift resulting from the displacement of the PC. Assuming that the PC is displaced by the radial vector r, and that the wave number vector in the direction of propagation is k, then the PC phase shift can be expressed as
where k = 2π/λ and [x PC , y PC , z PC ] are the wave number and the Cartesian coordinates of the PC displacement, respectively. Notice that the PC coordinates are dependent as mentioned before on the observation angle. When these coordinates become independent of the observation angle in the whole 3-D space, then the PC is placed in a single location and is unique for all direction, i.e. the phase fronts in the far field build a sphere with the PC at the center of it. As mentioned in Section II, a unique PC does not exist for realistic antennas. Therefore, finding a unique PC only for a certain angular region of the 3-D space is normally sought. Considering the previous discussion and inserting (4) into (1), the total phases of the angular region p can be expressed as
given that the p-th angular region φ p = [φ 1 , φ 2 , . . . , φ Np ] and θ p = [θ 1 , θ 2 , . . . , θ Np ] contains N p samples. The objective is to find the PC coordinates [x PC , y PC , z PC ] subject to the constraint
i.e., to find the PC coordinates that would optimally neutralize the phase shift to end up with an equiphase surface over the angular region p. For this purpose the variance
of the phase pattern ψ eq over the regarded angular region p is minimized, where µ ψp is the mean of the phase samples in the region p. This nonlinear optimization problem is solved using the Nelder-Mead simplex algorithm. It employs an iterative direct search approach towards convergence. For detailed information about the method the reader is referred to [22] .
V. APPLICATION TO A MULTI-MODE ANTENNA PROTOTYPE
For the analysis of the phase center positions of an MM antenna, the planar prototype presented in [23] is considered next in order to provide numerical results. The mentioned MM antenna is provided with 4 ports for exciting M = 4 modes at a center frequency of f c = 7.25 GHz, i.e. λ = 0.0414 m. The radiator dimensions are 30 mm × 30 mm (= 0.725λ × 0.725λ). For further technical details on the MM antenna design under investigation see [23] . Fig. 1 illustrates the considered coordinate system, the position of the antenna, and the definition of angles φ and θ. The MM antenna is placed on the xy-plane where the center of the planar radiator coincides with the center of the Cartesian coordinate system. The radiation takes place in the upper hemisphere, therefore the considered azimuth and co-elevation angles are defined as follows: φ ∈ [0 • , 360 • ] and θ ∈ [0 • , 90 • ]. For the following analysis, the right-hand circularly polarization (RHCP) component is assumed to be the dominant component and therefore it is the studied component in our analysis. As aforementioned, each component of the electric field fulfills the definition of the phase center, i.e., the method applied to the RHCP component can be successfully applied on any other polarization component. Fig. 2 shows the 3-D phase pattern of each of the four modes of the studied MM antenna.
VI. SIMULATION RESULTS
In the following simulations, the PC of each of the four modes has been calculated separately. The used phase pattern samples have a resolution of 1 • for both φ and θ angles. First, the phase samples are unwrapped along the θ direction to avoid large phase jumps, specially in the region considered for analysis [9] . Fig. 2 shows the unwrapped phase patterns for each mode of the investigated MM antenna prototype. Notice that the phase values go beyond the range [−180 • , 180 • ] because of the unwrapping process. Next the unwrapped phase samples within the area of interest are gathered and entered in (8) and the variance is minimized according to the Nelder-Mead simplex algorithm. To illustrate the results, an angle of [φ 0 , θ 0 ] = [20 • , 60 • ] was taken. An angular region with a diameter of 20 • around [φ 0 , θ 0 ] was considered. The mentioned angular region is depicted in Fig. 2 by a small circle. It is recommended in [9] that the sampling area of the phase pattern exhibits approximately a consistent magnitude pattern for reasonable results. As can be seen in Fig. 3 , the chosen sampling area fulfills this condition. Table I shows the displacement of the PC coordinates for the observation angle
After calculating the phase center, one could use the resulting coordinates to calculate the phase shift ψ s (φ p , θ p ) and insert it in (7) to calculate ψ eq (φ p , θ p ). Fig. 4 illustrates ψ eq (φ p , θ p ) where it is clear to see that the phase pattern is approximately constant in the studied range. In addition, the behavior of the PCs of the four modes is depicted in Fig. 5 for the φ = 0 • and θ = [0 • , 90 • ] planes. The displacement of the PC coordinates has been illustrated relative to the wavelength. The dependency of the PC coordinates of each mode on the observation angle becomes obvious from Fig. 5 . It is also noticeable that the PC of each mode is independent from the PCs of other modes. These results proof that the displacement of the PCs of different modes is significant, therefore it should not be neglected when employing the MM antenna under investigation in precise positioning systems. 
VII. CONCLUSION
Knowledge of the location and behavior of the phase center of an antenna system is important for high accuracy positioning systems. In this paper, the PC locations have been calculated for an MM antenna prototype. For that purpose, the PC coordinates that minimize the variance are determined over a certain angular region of interest. The minimization is performed using the Nelder-Mead simplex algorithm. Numerical results show the dependency of the PC of each mode on the observation angle. Furthermore, it has been proven that the PCs of different modes are independent of each other. The PCs are spatially distributed around the physical radiator as a function of the observation angle. With this insight it is possible to compensate the error introduced by the PC displacement when applying an MM antenna for distance measurements, depending on the modes used in the transmission process.
